Electricity and Magnetism

Lecture 13 - Physics 121

Electromagnetic Oscillations in LC & LCR Circuits,
Y&F Chapter 30, Sec. 5-6
Alternating Current Circuits, Y&F Chapter 31, Sec. 1 -2

Summary: RC and LC circuits
Mechanical Harmonic Oscillator

LC Circuit Oscillations

Damped Oscillations in an LCR Circuit
AC Circuits, Phasors, Forced Oscillations

Phase Relations for Current and Voltage in Simple
Resistive, Capacitive, Inductive Circuits.

Summary
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Recap: LC and RC circuits with constant EMF -
. & — Timﬂep%ndent effects

] £l i

Tc = RC = capacitive time constant T. = L/R = inductive time constant
Growth Phase
Q)= Qinf(l_e_t/RC) Qinf=C<& I I(t) = iinf(l_e_t/TL) lin Eg
Decay Phase
Q) =Que™'R¢ Qp=C¢ ) =ige'™ g Eg

Now LCR in same circuit, time varying EMF -> New effects

R « Generalized Resistances: Reactances, Impedance
W\é R Xc=1/(ow C) X, =oL [Ohms ]
5 5 J1/2
I I - ZE[R +(X, -Xc) ]
1l c « New behavior: Resonant Oscillation in LC Circuit
-1/2
‘ WOpes = (LC)
[ R —— +* New behavior: Damped Oscillation in LCR Circuit
L C

 External AC can drive circuit, frequency wp=2nf
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Recall: Resonant mechanical oscillations

Definition of ° Periodic, repetitive behavior
an oscillating System state (t) = state(t+ T) = ..=state(t+NT)
_ * T = period = time to complete one complete cycle
system: - State can mean: position and velocity, electric and magnetic fields,...
Mechanical example: Spring oscillator (simple harmonic motion)
k Hooke's Law restoring force: F=-kx=ma OR
1 1
i 1 L+ Emech =constant =Ky ek +Usp = Emv2 + Ekx2
o x=0 o dE d°x dx dx d
oL mech _ - Z 2" 4 kx—=2 _UX
no friction dt mdtz g Tyt =gt #0
Systems that oscillate d°x 5 K]
obey equations like this... di2 —@pX @y = VKM
With solutions like this...  X(t) =Xy cos(wyt +¢)

What oscillates for a spring in SHM? position & velocity, spring force,
Energy oscillates between 100% kinetic and 100% potential: K, = Upax

Substitutions can convert mechanical to LC equations:
Xx>Q voi molL k—o1/C wj=k/im > 0i=1/LC

2
1,2 1Q 1
U =5kx" = Uc =5~ Kblock =5 MV

2 1,:2
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Electrical Oscillations in an LC circuit, zero resistance

e a
Charge capacitor fully to Q,=C¢& then switch to “b” + ——
Kirchoff loop equation: Vo- § =0 —— L 1
T 2 el L™ [c
Substitute: Ve _Q and & = —Lﬂ Ld_?
C dt dt
2
d7Q(t) _ —LQ(t) An oscillator  /1//C = @,
dt? LC equation where
‘ solution: Q(t)=Qycos(wgt+¢) Qy=C¢&
i(t) = $ Ig Sin(@pt + ¢) g = ®yQ
What oscillates? Charge, current, B & E fields, Uy, Ug @f = 1
0 TcTL
Peaks of current and charge are out of phase by 90 where 7o =RC.7, =L /R
Show: Total potential energy is constant U, , =Uc(t) + Ug(t)
Q) _Q3 L2 L5 . N A A
0 _ _ -0 2C
Ug = e 2C:cos (coot+¢) Ug = 5 = sin“(o,t +¢) )
Ug(®)
Peak Values =~ _ ﬁ _ LCDSQS _ LQ(Z) 1 Q(Z) _ §E~
Are Equal BB~ 2~ 2 2 LCc 2c E atl Uy (4)
‘ UEO = UBO - UtOt is constant 0 T/92 T

Co Time



Details: use energy conservation to deduce oscillations

1,. t)?
The total energy: U=Ug +Ug = ELI(t)Z + Qz(cz
It is constant so: d_U=0= Liﬂ + gd_Q
dt dt C dt
- 2 2
The definitions iEd—Q and d = d’Q imply that: dQ (Ld Q+9)=0
dt dt  dt? dt * dt> C
2 :
Either d—Q=0 (no current ever flows) or: d Q+ Q = OSC'HG.TOP
dt2  LC equation

Oscillator solution: Q =Q,cos(wgt + ¢)

To evaluate @,: plug the first and second derivatives of the solution into the
differential equation.

dQ :

— =—-Qym Sin(wgt + ¢) dZQ Q > 1

dt - — = —_ — | =
6 ‘ 2 +LC roos(wot+¢)[ o, + ] 0

dt—2 = —Qomg cos(wpt +9)

Lht R. Janow - Fall 2013

The resonant oscillation frequency ®, is: 0Oy = ——
0
VLC




Oscillations Forever?

13 —=1: What do you think will happen to the oscillations in a true
LC circuit (versus areal circuit) over along time?

A.They will stop after one complete cycle.

B.They will continue forever.

C.They will continue for awhile, and then suddenly stop.
D.They will continue for awhile, but eventually die away.
E.There is not enough information to tell what will happen.

L C T
++|+ + o
LI 4
| s
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Potential Energy alternates between all electrostatic and
all magnetic - two reversals per period 1

C is fully charged twice each
cycle (opposite polarity)

(g) (N



Xa |e; A 4 uF capacitor is charged to £=5.0 V, and
E mp then discharged through a 0.3 Henry —

inductance in an LC circuit

oll
_

Use preceding solutions with ¢ =0

a) Find the oscillation period and frequency f=w/2mr

Wo = }/\/LC - %(0.3)(4“0‘6) ‘ f= w0/21T =145 Hz

=913 rad/s T=Period=%=2% = 6.9 ms
0

b) Find the maximum (peak) current (differentiate Q(t) )

Q(t) = Qg cos(w,t) ' i(t) = ‘Z—? =Q, %cos(mot) = - Qum, Sin, (w,t)

Qo = C¢& 6

imax = Qo®p = C€wy=4x10 ~x5x913=18 mA

c) When does the first current maximum occur? When |sin(@yt)] =1

First One:
Maxima of Q(t): All energy isin E field ! T
Maxima of i(t): All energy is in B field T= % = 69ms = V,=17ms
Current maxima at T/4, 3T/4, ... (2n+1)T/4 Others at:

3.4 ms increments
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Example

a) Find the voltage across the capacitor in the circuit as a function of time.
L =30 mH, C=100pF

The capacitor is charged to Q, = 0.001 Coul. at timet =0.

| E C
The resonant frequency is: ++l++
®, = = =577.4rad/s ¥ Eddd
° JLC  J(3x1072H)(10*F) E”_U
The voltage across the capacitor has the same O
time dependence as the charge:

Vc(t) — Q(t) — QO COS(('OOt +¢)
C C
Attimet=0, Q=Q, so choose phase angle ¢ =0.

0‘3(:
(t) =———cos(577t) =10cos(577t) volts
F

b) What is the expression for the current in the circuit? The current is:

- ‘2_? = —Q,®, Sin(a,t) = ~(10°C)(577rad/s)sin(577t) = —0.577sin(577t) amps

c) How long until the capacitor charge is reversed? That happens every %
period, given by:
T

T
—=—=544ms Copyright R. Janow — Fall 2013
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Which Current is Greatest?

13 —2: The expressions below could be used to represent the
charge on a capacitor in an LC circuit. Which one has the greatest
maximum current magnitude?

L

(!

A. Q(t) = 2 sin(5t)
B. Q(t) =2 cos(4t)
C. Q(t) = 2 cos(4t+m/2)
D. Q(t) = 2 sin(2t)
E. Q(t) =4 cos(2t)

| f—— 4
| 1 +
| f——— 4+
| P———i

Qt)=Q,cos(@,t+¢)  j=IRM o
dt
E
E
&y
&

Iy fick

Copyright R. Jancu.s — Fall 2013



Time needed to discharge the capacitor in LC circuit

13— 3. The three LC circuits below have identical inductors and
capacitors. Order the circuits according to their oscillation
frequency in ascending order.

A LI . g AL _J&E —
B. Il 1, IIl. i N
C. I, 1, Il L T I
D. 1L 11, 1. | o
E. I, I I |
I IL. I11.
A
4 2
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LCR circuits: Add series resistance
Circuits still oscillate but oscillation is damped

Charge capacitor fully to Q,=C¢& then switch to “b” a R
Stored energy decays with time céue to reséstance + ‘\H/\/\/:l_
Ut =U®) + Ug (= 2 1 4 1O — 5 ==
. . _ L, E L C
Resistance dissipates stored dUiot /.2 '
energy. The power is: Tdt ‘_‘_' (DR

Oscillator equation results, but sz(t) R 5 _
with damping (decay) term dt2 ®pQ(t) =0 oy =V1/LC

Solution is cosine with
exponential decay (weak Q(t) = Qoe_Rt/ZL cos(w't+¢) Qu=C&
or under-damped case)
Shifted resona_nt frgquency ® w' = [wg —(R/ 2L)2 ]1/2
can be real or imaginary
Underdamped: Critically damped Overdamped
R : R : R
j w(% > (I)Z w =0 wg = (I)z W is imaginary w(Z) < (Z)Z
\\ A |
Q(t) ~ complicated
\ SNSRI exponential
T / /}y{j'_‘;‘-:__,__—r__
M wt
ot Copynynt . vanuow — rant2013




Resonant frequency with damping

13 —4: How does the resonant frequency w,for an ideal LC circuit
(no resistance) compare with & for an under-damped circuit whose
resistance cannot be ignored?

A. The resonant frequency for the non-ideal, damped circuit is higher than
for the ideal one (&' > @)).

B. The resonant frequency for the damped circuit is lower than for the ideal
one (o' < w).

C. The resistance in the circuit does not affect the resonant frequency—
they are the same (@' = ).

D. The damped circuit has an imaginary value of w'.

E
w = |wl-(R/20)7% " -
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Alternating Current (AC) - EMF

AC is easier to transmit than DC

AC transmission voltage can be changed by using a transformer.
Commercial electric power (home or office) is AC, not DC.

The U.S., the AC frequency is 60 Hz. Most other countries use 50 Hz.

Sketch: a crude AC generator.

EMF appears in a rotating a coil of wirein a
magnetic field (Faraday’s Law)

B
Slip rings and brushes allow the EMF to be Kw\

€
D=

>

1

L . : Y Y Y
taken off the coil without twisting the wires. ¥—- e 4

Generators convert mechanical energy to \
electrical energy. Power to rotate the coil

can come from a water or steam turbine,
windmill, or turbojet engine.

i 1

Represent outputs as  &ng(t) =&, Sinayt
sinusoidal functions: i =iy sin(ogt —9)

Copyright R. Janow - Fall 2013



External AC EMF () driving a circuit

External, sinusoidal, instantaneous EMF applied to load:

&(t) = Enax sin (wpt)

I(t)

Enax = amplitude

The potential across the load Vload(t) = &) 8(1:)(@ m

Wp = thedriving frequency

Wp # resonant frequency ®,, in general

Current in load flows with same frequency @, ...but may be retarded or
advanced (relative to &) by “phase angle” ® (due to inertia L and stiffness 1/C)
Current has the same amplitude and phase everywhere in a branch

I(t) = 1__ sin(w,t — @)

Example: Series LCR Circuit

R
A

E®] =

e neea)
ULy
L

C

Everything oscillates at driving frequency wp
At “resonance”: Wp=Wwy=+1/LC
® is zero at resonance - circuit acts purely resistively.

Otherwise @ is + or - (current leads or lags applied EMF)
Copyright R. Janow - Fall 2013



Instantaneous, peak, average, and RMS quantities for AC circuits

&(t) = Enay Sin (wpt) (1) = 1y Sin(wpt - @)
Instantaneous voltages and currents:

- depend on time through argument: ot

- periodic, repetitive, oscillatory

- possibly advanced or retarded relative to each other by phase angles
* represented by rotating "phasors” - see below

Peak voltage and current amplitudes are just the coefficients out front

£ | max
ax
Simple time averages of periodic quantities are zero (and useless).
- Example: Integrate over a whole number of periods - one T is enough (wt=27)

T . edv Eljre(t )dt:gnax Ejrsin(th )dt =0
josm(mt — @®)dt=0
Integrand is odd == j i(t )dt = - j sin(wgt—®)dt = 0

"RMS" averages are used the way instantaneous quantities were in DC circuits
"RMS” means "root, mean, squared”.

~1/2
- Erms E|:<€2>av:|1/2=|:%":£2(t )dt =an_\/%x
_Iosinz(mt - ®)dt=1/2 ‘ 1/2 1o 1/9 i
’ Integrand is even Irms —[<I (t )> ] =|:;Ioi2(t )dt = -max




Phasor Picture:

a(t)=£lnax3in(th)
I(t) =i,,Sin(w,t —P)

Show current and potentials as
vectors rotating at frequency o,

* The measured instantaneous values of i(t) and &(t)
are projections of the phasors on the y-axis.
* The lengths of the vectors are the peak amplitudes.

(0) “phase angle” measures when peaks pass
® and o)Dt are independent

* Current is the same (phase included) everywhere
in a single branch of any circuit.

* EMF &(t) applied to the circuit can lead or lag the

current by a phase angle @ in the range [-n/2, +n/2].

Series LCR circuit: Relate internal voltage drops to phase of the current

Ly
WW—
R
¢ @ o=
L C
e
V| -—

* Voltage across R is in phase with the current.
* Voltage across C lags the current by 90°.
* Voltage across L leads the current by 9Q%, i1 R janow — Fall 2013



AC circuit, resistance only -2 current and voltage in phase

r 1 Kirchoff loop rule: & - V_ (t) =0
gT@ Ve (1) B V) = £(t) =€, sin(wpt)
| Currentig(t) = igmax SiN(Wpt - @)

Voltage drop across R: Vi (t) =ig(t)R (definition of resistance)
R S ® =0

&

Ve () Vi

Peak current and peak voltage are in phase in a purely
resistive part of a circuit, rotating at the driving frequency @,

1
Examp e &, =10V, f=60Hz applied toa20Q Resistor.Find thecurrenti(t)at t=——'s

240
€, op = 2nf = 1207 t =1/60 s. t=1/4
& &
(1) = igu Sin(Wpt)=-2"sin(120r.1/240)
1 J‘
t=—7 __ |
240 _ 10 w 1
t i(t) = —sin— = —A
< > 20 2 2
1 1 .
T = —=— Copyright R. Janow - Fall 2013
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Capacitance-only AC circuit: current leads voltage by /2

Kirchoff loop rule: 8(1:) — V_(t)=0 i> T

‘ Ve(t) = Vemax Sin(Wpt ) Vemax =& ST@ — V(1)
Charge: Q(t)=CV(t)=C Vcmax Sin(wpt ); C l
Current: io(t) = d?j(: ) =W, CV . COS(Wpt) = g, SiN(ot — D)

Note:  cos(wpt) = sin(th+g) so...phase angle ® =-1/2 for capacitor

VCmax = iCmaxXC (recall VR = iR R) ' Defini‘l'ion: 1

. capacitive X_ = Ohms
Reactances are ratios of peak values P ( )

C
reactance Wp

Current leads the voltage by n/2 in a pure

i VCmax i m
" 2 . sodg(t) = sin(wpt +—)
capacitive part of a circuit (® negative) X 2

C

Phasor Picture Capacitive Reactance
$=-90°=-r/2 rad limiting cases

' |
| |
' |
1”{?\“3“ A - ® = 0: Infinite reactance.
|4 Ny /!, DC blocked. C acts like

/|0 \ “T " broken wire.
e | * ® =2 infinity: Reactance is
| | zero. Capacitor acts like a
b jesans—1  simplewire

e P AR RN vwiiw vy I v




Inductance-only AC circuit: current lags voltage by =/2

Kirchoff loop rule: £(t)+ V. (t)=0 i

‘ Vi) = =& sin(wpt); & =V 8[@ L

_ di__ v

di,

Faraday Law: V (1) =-L T

dt L

\ V

Current: i (t)=[di, =%jsin(th) dt =—A|a_*cos (wpt) =i, sin(o,t —d)
w

D

. m B
Note:  COS(Wwpt) =_Sm(th_5) so...phase angle ® =+ n/2 for inductor

V, = |

L max

XL

L max

Reactances are ratios of peak values

Definition:
‘ inductive X. = wpL (Ohms)
reactance

Current lags the voltage by n/2 in a pure
inductive part of a circuit (® positive)

- VLmax - L
ILmax(t) = X Sln(th_ E)
L

Phasor Picture

| 9=+90° = + /2 rad

Inductive Reactance
limiting cases
*® => 0: Zero reactance.

Inductance acts like a wire.

* o =2 infinity: Infinite reactance.
Inductance acts like a broken
wire.




Current & voltage phases in pure R, C, and L circuits
Current is the same everywhere in a single branch (including phase)
Phases of voltages in elements are referenced to the current phasor
* Apply sinusoidal voltage &£(t) = &,Sin(opt)
* For pure R, L, or C loads, phase angles are 0, n/2, -n/2
* Reactance” means ratio of peak voltage to peak current (generalized resistances).

i—j— G iC‘IC L iL‘lL
" l“_f 9@ cT l 3@ | |

@

Vg& I; In phase V. lags i by n/2 V|, leads i, by n/2
Resistance Capacitive Reactance Inductive Reactance
Vmax/iRER Vmax/iCEXC=%)DC Vmax/iLEXL=(DDL

; Rotation of

Rotation of phasors at

phasors at Rotation of rate @y
ey Iops—i \Phasom at L

NV AR i evav



Series LCR circuit driven by an external AC voltage

< Vg >

Apply EMF:
E(t) = &nax SiN(ept) @ is the driving frequency

The current i(t) is the same everywhere in the circuit
I(t) =1, Sin(ot — D)
* Same frequency dependance as &(t) but...

« Current leads or lags &(t) by a constant phase angle @
« Same phase for the currentin &, R, L, & C

Phasors all rotate CCW at frequency g

* Lengths of phasors are the peak values (amplitudes)
* The “y” components are the measured values.

Plot voltages in components with phases

relative to current phasor i, :

* Vi has same phase as i, Vy

* V. lags i, by n/2 V.
VL

*V leads i, by n/2

i R

imXC

imXL

Kirchoff Loop rule for potentials (measured along y)
E(t) - Vr(t)—VL(t)—Vc(t)=0

&, = \7R + (\7L + \7C) \7(3 lags \7L by 180°
along i,/ N perpendicular to i,




Summary: Lecture 13/14 chapter 31 - LCR & AC Circuits, Oscillations
- -
[ C Osc.crator ?(1‘-} = Gy cos (A co"C/_e) . C%q, B.fu "J-{_c, *}ﬁ'%

= QW ¢t 7 e —5 A7
Dnmped LC OTECILATAT =¥ , = % £ -
20 ?(77‘-"6 Caafer ¢+ D) w":’@i—(gf_)wa-’V::;.
St O &TeDANANED
= €
-
A C/RCe7s /ﬂl‘}g.g Z’)"F"g,(t) aslh(uif)j cawy, v LG = f%aw@-}“’-
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Summary: RC and RL circuit results

RECHF Re c/RCwTs -
D ow.
1/me Con3TRaT = pc T__i%"l—‘

LR ClRouis

= 4R -TE;J'

L.

Moo BF = LimcAsE”
C*= Q/V @M‘UEE L= A./.i‘s %“r

CNPAITY

LIMITIP E S PLOES “QD/; = CE

Poce =
“’fmé’im- Ve =%%.
a Gt

|
|
[ =
|
|

ﬁ& ﬂwc‘n?kw‘m ONE CO/%
Coe TE/R.
£.» - Ladg, ()

"Q—OR L:-;_é—g =0

-

SRoar P N —Cg o=t T
e () =S4 & o
SozoTion \/(15) = — f( il 2)

V(e = Let) R.

L @(f) b g™
sl L) = i;*/ *‘"/;”
sow‘fm’l Vice) = fé?;éjiz

e ~CEE

______l___ B ool

Lt =_%-( /- & -‘*‘-/‘n)
VY =-2€" (pre )
Ve () = LR

g

g

(é)*%é
VAC, =CIR =&

R
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